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$\mathcal{H}$ Hilbert , $\mathcal{H}$ Gauss
$\{\phi(f)|f\in \mathcal{H}\}$ . , $\phi(f)$ , $<E$ , \mbox{\boldmath $\mu$}>
( ) , $\phi(af+bg)=a\phi(f)+b\phi(g),$ $a,$ $b\in \mathbb{R},$ $f,$ $g\in \mathcal{H}$
,
$\int_{E}e^{i\phi(f)}d\mu=e^{-||f||_{\mathcal{H}}^{2}/2}$ , $f\in \mathcal{H}$
[31,38,61,63]. Hilbert $L^{2}(E, d\mu,)$ H Boson
Fock 3.
Boson Fock
. $\mathbb{R}^{n}$ . $\mathcal{H}_{c}$ $\mathcal{H}$
, $T$ $\mathcal{H}_{c}$ $D(T)$ . ,
$L^{2}(E, d\mu)$
$\mathcal{P}_{T}=\mathcal{L}\{P(\phi(f_{1}), \cdots\phi(f_{n}))|P\in \mathbb{P}_{n}, f_{j}\in D(T)\cap \mathcal{H},n\geq 0,j=1, \cdots n\}$
. , $\mathcal{L}\{\cdots\}$ $\{\cdots\}$
. , D(T)\cap H $\mathcal{H}$ , $\mathcal{P}_{T}$ $L^{2}(E, d\mu)$
. $T=I$ $\mathcal{P}_{I}=\mathcal{P}$ .
3 $<E,$ $\mu>$ Borel , $\{\phi(f)|f\in \mathcal{H}\}$
. Boson Fock , $Q$
$[61,58]$ . Hilbert , Boson Fock
[31,57,63] . $E$ ,
. , E
, , $\mathbb{R}^{n}$ $S_{r}’(\mathbb{R}^{n})$ (7
).
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Hilbert $\mathcal{M}$ , $<E,$ $\mu$ > 2
Hilbert $L^{2}(E, d\mu;\mathcal{M})$ . , $L^{2}(E, d\mu)\otimes \mathcal{M}$
. $\mathcal{V}$ , W $\mathcal{V}\otimes \mathcal{W}\wedge$ .
$\mathcal{P}$ , $L^{2}(E, d\mu)$ $L^{2}(E, d\mu;\mathcal{H}_{c})$ “ ”
$\nabla P(\phi(f_{1}), \cdots\phi(f_{n}))=\sum_{j=1}^{n}(\partial_{j}P)(\phi(f_{1}), \cdots\phi(f_{n}))f_{j}$ ,
$f_{j}\in \mathcal{H},j=1,$ $\cdots n$ ,
. $P(\phi(f_{i}), \cdots \phi(f_{n}))$
, . , \mbox{\boldmath $\mu$}
$\int_{E}(f, \nabla\Psi)_{\mathcal{H}_{c}}\Phi d\mu=-\int_{E}’\int_{E}\phi(f)\Psi\Phi d\mu$ ,
$\Psi,.\Phi\in \mathcal{P},$ $f\in \mathcal{H}$ , (2.1)
4
(2.1) , , $L^{2}(E, d\mu)$ $L^{2}(E, d\mu;\mathcal{H}_{c})$
we -defined . , $\Psi$ , \Phi \in P \Psi $=\Phi$ a.e.
, $\nabla\Psi=\nabla\Phi$ a.e. $H$] . , ,




$J_{\mathcal{H}}$ $\mathcal{H}_{c}$ (conjugation) ( , $f=$
$f_{1}+if_{2},$ $f_{1},$ $f_{2}\in \mathcal{H}$ , $J_{\mathcal{H}}f$ $:=f_{1}-if_{2}$ ),
$\overline{f}=J_{\mathcal{H}}f$ , $f\in \mathcal{H}_{c}$ ,
4 , Hilbert $\mathcal{X}$ $(\cdot, )_{\mathcal{X}}$ , 2
.
25
. (2.1) , .
2.1 $f\in \mathcal{H}_{c}$ , $\tilde{\nabla}_{f}$ , , $\Psi\in \mathcal{P}$
$f\in \mathcal{H}_{c}$
$D(\tilde{\nabla}_{f}^{*})\supset \mathcal{P}$, $D(\nabla^{*})\supset \mathcal{P}\otimes \mathcal{H}_{c}\wedge$ ,
$\nabla_{f}^{*}\Psi=\nabla^{*}(\Psi f)=-\tilde{\nabla}_{\overline{f}}\Psi+\phi(f)\Psi$
$Hj$ .
, $\nabla,\overline{\nabla}_{f}$ , .
\phi (fl), $\cdot$ . . , $\phi(f_{n}),$ $f_{j}\in \mathcal{H},j=1,$ $\cdots$ $n$ ,
Wick : $\phi(f_{i})\cdots\phi(f_{n})$ : :
: $\phi(f_{1}):=\phi(f_{1})$ ,
: $\phi(f_{1})\cdots\phi(f_{n})$ $:=\phi(f_{1})$ : $\phi(f_{2})\cdots\phi(f_{n})$ :
$- \sum^{n}(f_{1}, f_{j})_{?t}$ : $\phi(f_{2})\cdots\phi\overline{(f_{j}})\cdots\phi(f_{n}):,$ $n\geq 2$ .
$j=2$
, $\phi\overline{(f_{j}}$) \phi (fj) . , $n\neq m$ ,
$f_{j’ g_{k}}\in \mathcal{H},j=1,$ $\cdots n,$ $k=1,$ $\cdots m$ , : $\phi(fi)\cdots\phi(f_{n})$ :
: $\phi(g_{1})\cdots\phi(g_{m})$ : , $L^{2}(E, d\mu)$ . , $\Gamma_{n}(\mathcal{H})$
: $\phi(fi)\cdots\phi(f_{n})$ :, $f_{j}\in \mathcal{H},j=1,$ $\cdots n$ , $L^{2}(E, d\mu)$
$L^{2}(E,d \mu)=\bigoplus_{n=0}^{\infty}\Gamma_{n}(\mathcal{H})$
$H$j . , $\Gamma_{0}(\mathcal{H})=\mathbb{C}$ .
$\Gamma_{n}(\mathcal{H})$ , , $n$ .
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Boson Fock , 2
. $A$ $\mathcal{H}$
. , $L^{2}(E, d\mu)$ ( $(A)$ , \Gamma n(H)
, $\Gamma_{n}(\mathcal{H})$ $d\Gamma_{b}^{(n)}(A)$ :=( $(A)$ $r\Gamma_{n}(\mathcal{H})$
:
$d\Gamma_{b}^{(0)}(A)=0$ ,
$d\Gamma_{b}^{(n)}(A)$ : $\phi(f_{1})\cdots\phi(f_{n})$ $:= \sum_{j=1}^{n}$ : $\phi(f_{1})\cdots\phi(Af_{j})\cdots\phi(f_{n}):,$ $n\geq 1$ ,
$f_{j}\in D(A),j=1,$ $\cdots n$ .
$d\Gamma_{b}(A)$ $A$ 2 5. $A$ , $dF_{b}(A)$
, .
2 , $E$ “ ” .
, $\mathcal{M}$ Hilbert , $T$ $\mathcal{H}_{c}$ $\Lambda 4$ $D(T)\cap \mathcal{H}$
$\mathcal{H}$ , $\mathcal{P}_{T}$ $T\nabla$ :





$\mathcal{K}$ Hilbert , $\wedge^{p}(\mathcal{K}_{c})$ $\mathcal{K}_{c}$ (Hilbert )
$P$
$(\wedge^{0}(\mathcal{K}_{c}) :=\mathbb{C})$ . \wedge p(Kc), $p=$
5 $d\Gamma_{b}(A)$ , , 1 Hilbert $\mathcal{H}_{c}$
$A$ , . $A$ 1





$\mathcal{K}_{c}$ Fermion Fock . $u_{j}\in \mathcal{K}_{c},$ $j=1,$ $\cdots p$
, $u_{1}\Lambda\cdots\wedge u_{p}\in\wedge^{p}(\mathcal{K}_{c})$
$u_{1} \wedge\cdots\wedge u_{p}=\frac{1}{p!}\sum_{\sigma\in \mathfrak{S}_{p}}\epsilon(\sigma)u_{\sigma(1)}\otimes\cdots\otimes u_{\sigma(p)}=A_{p}(u_{1}\otimes u_{2}\cdots\otimes u_{p})$
. , $\mathfrak{S}_{p}$ $p$ , $c(\sigma)$ \mbox{\boldmath $\sigma$} $\in \mathfrak{S}_{p}$ ,
$A_{p}$ 6: $A_{p}= \sum_{\sigma\in\epsilon^{\sim_{)}}}\in(\sigma)\sigma/p!p$
$u\in \mathcal{K}_{c}$ , $\wedge(\mathcal{K}_{c})$ $b(u)$




$\{b(u), b(v)^{*}\}=(u, v)_{\mathcal{K}_{c}}$ , $\{b(u))b(v)\}=0=\{b(u)^{*}, b(v)^{*}\}$ , $u,$ $v\in \mathcal{K}_{c}$ .
, $\{A, B\}$ $:=AB+BA$ .
Fermion Fock 2 . $\mathcal{K}_{c}$
$B$ , $\wedge(\mathcal{K}_{c})$
($I\Gamma_{f}(B)$ , \wedge p(KC) , $\wedge^{p}(\mathcal{K}_{c})$ $d\Gamma_{f}^{(p)}(B)$
$dF_{f}^{(0)}(B)=0$ ,
$d F_{f}^{(p)}(B)=\sum_{j=1}^{p}I\otimes\cdots\otimes I\otimes Bj\otimes I\otimes\cdots\otimes I$ , $p\geq 1$ ,
$6A_{p}$ , $\mathcal{K}_{c}$ $p$ \otimes pKc , $\wedge^{p}(\mathcal{K}_{c})=A_{p}(\otimes^{p}\mathcal{K}_{c})$
( , [57, \S II.4] ).
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[57, \S VIII.10].
$d\Gamma_{f}(B)$ $B$ 2 .
(5 ) , , ,
2 ” . $\mathcal{K}_{c}$
Hilbert-Schmidt $(\mathcal{K}_{c})$ , $K\in \mathcal{I}_{2}(\mathcal{K}_{c})$
. , $\mathcal{K}_{c}$ 2 $\{u_{n}\}_{n=1}^{N},$ $\{v_{n}\}_{n=1}^{N}(N\leq+\infty)$ ,
$\sum_{n=1}^{N}\lambda_{n}^{2}<\infty$ $\{\lambda_{n}\}_{n=1}^{N}$ , $K$
$K= \sum_{n=1}^{N}\lambda_{n}(u_{n}, \cdot)_{\mathcal{K}_{c}}v_{n}$ (2.2)
( $N=+\infty$ , (2.2) $\mathcal{I}_{2}(\mathcal{K}_{c})$
[57, Theorem VI.17]). , $\wedge(\mathcal{K}_{c})$
$\bigwedge_{f}(\mathcal{K}_{c})=\{\Psi=\{\Psi^{(p)}\}_{p0}^{\infty_{=}}|\Psi^{(p)}\in A_{p}(\mathcal{K}_{c^{\otimes}}^{\wedge}\cdots\otimes \mathcal{K}_{c})\wedge$, $p$
$\Psi^{(p)}=0\}$
, :
$<b^{*}|K|b>= \sum_{n=1}^{N}\lambda_{n}b(v_{n})^{*}b(u_{n})$ , $<b|K|b>= \sum_{n=1}^{N}\lambda_{n}b(\overline{v}_{n})b(u_{n})$ ,
$<b^{*}|K|b^{*}>= \sum_{n=1}^{N}\lambda_{n}b(v_{n})^{*}b(\overline{u}_{n})^{*}$ .








2.2 [15] \mbox{\boldmath $\psi$}\in Kc\otimes K ,
$(v,K_{\psi}u)_{\mathcal{K}_{c}}=(v\otimes\overline{u},\psi)_{\mathcal{K}_{c}\otimes \mathcal{K}_{c}}$ , $u,$ $v\in \mathcal{K}_{c}$ ,
$K_{\psi}\in \mathcal{I}_{2}(\mathcal{K}_{c})$ ,
$||K_{\psi}||_{2}=||\psi||_{\mathcal{K}_{c}\otimes \mathcal{K}_{c}}$
$Hj$ . , $||\cdot||_{2}$ Hilbert-Schmidt . ,
$K\in \mathcal{I}_{2}(\mathcal{K}_{c})$ , $K=K_{\psi}$ \mbox{\boldmath $\psi$}\in Kc\otimes K
.
22 \mbox{\boldmath $\psi$}\rightarrow K\mbox{\boldmath $\psi$} A :
$\Lambda(\psi)=K_{\psi}$ .
3 De Rham , , de Rham-Hodge-Kodaira
$E$ $\wedge^{p}(\mathcal{K}_{c})$ , , $E$ $p$
. Hilbert
$\wedge^{p}(\mathcal{H},\mathcal{K})=L^{2}(E,d\mu;\wedge^{p}(\mathcal{K}_{c}))$
, $<E$ , \mbox{\boldmath $\mu$}> 2 $P$ .
, (de Rham )
, Hilbert $\{\wedge^{p}(\mathcal{H}, \mathcal{K})\}_{p=0}^{\infty}$
.
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$S$ : $\mathcal{H}_{c}arrow \mathcal{K}_{c}$ , $S^{*}S$ $\mathcal{H}$
. $\mathfrak{D}_{S,p}\subset\wedge^{p}(\mathcal{H}, \mathcal{K})$
$\mathfrak{D}_{S,p}=\mathcal{L}\{P_{n}(\phi(f_{1}), \cdots\phi(f_{n}))u_{1}\wedge\cdots\wedge u_{p}|P_{n}\in \mathbb{P}_{n},$ $f_{j}\in D(S)\cap \mathcal{H}$ ,
$n\geq 0,j=1,2,$ $\cdots n$ , $u_{k}\in \mathcal{K}_{c},$ $k=1,2,$ $\cdots p\}$ .
. $D(S^{*}S)$ $\mathcal{H}$ , $D(S)\cap \mathcal{H}$ $\mathcal{H}$
, $\mathfrak{D}_{S,p}$ $\wedge^{p}(\mathcal{H}, \mathcal{K})$ .
$p\geq 0$ , $\mathfrak{D}_{S,p}$ $d_{S,p}$ $:\wedge^{p}(\mathcal{H}, \mathcal{K})arrow$
$\wedge^{p+1}(\mathcal{H}, \mathcal{K})$ :
$\Psi=P_{n}(\phi(f_{1}), \cdots\phi(f_{n}))u_{1}\wedge\cdots\wedge u_{p}$ (3.1)
$d_{S,p} \Psi=\sqrt{p+1}\sum_{j=1}^{n}(\partial_{j}P_{n})(\phi(f_{1}), \cdots\phi(f_{n}))Sf_{j}\wedge u_{1}\wedge\cdots\wedge u_{p}$
, $\mathfrak{D}_{S,p}$ , . $d_{S,p}$
well-defined ( , $\Psi=\Phi$ a.e. $d_{S,p}\Psi=d_{S,p}\Phi$ a.e.).
$p\geq 0$ , $\wedge^{p+1}(\mathcal{H}, \mathcal{K})$ s*,p .
$\mathfrak{D}_{S,p}^{*}=\mathcal{L}\{P_{n}(\phi(f_{1}), \cdots\phi(f_{n}))u_{1}\wedge\cdots\wedge u_{p+1}|P_{n}\in \mathbb{P}_{n},$ $f_{j}\in \mathcal{H}$ ,
$n\geq 0,j=1,2,$ $\cdots n,$ $u_{k}\in D(S^{*}),$ $k=1,2,$ $\cdots p+1\}$
. $d_{S,p}$ .









$\cross u_{1}\wedge\cdots\wedge u_{k}\wedge\cdots\wedge u_{p}\wedge$
. , $\tilde{P}_{n}=P_{n}(\phi(fi), \cdots \phi(f_{n}))$ .
. $S$ , , “ ” .
,
.
, “ ” .
, $d_{S,p}$ . (3.2) $d_{S,p}$




3.2 [13] $p\geq 0$ , $\Delta_{S,p}$
,
$\triangle_{S,p}=dF_{b}(S^{*}S)\otimes I+I\otimes d\Gamma_{f}^{(p)}(SS^{*})$ (3.3)
32
$\ovalbox{\tt\small REJECT} j$ .
(3.3) , 2
, 2 , .




. $S^{*}S$ $\sigma(S^{*}S)$ .
3.3 $[13,22]$ $\inf\sigma(S^{*}S)\backslash \{0\}>0$
$\Omega_{p}(E,\mu)=d_{S,p-1}\Omega_{p-1}(E,\mu)\oplus d_{S,p}^{*}\Omega_{p+1}(E,\mu)\oplus ker\Delta_{S,p}$
$=\Delta_{S,p}\Omega_{p}(E,\mu)\oplus ker\triangle s_{p}$ .
de Rham $\{d_{S,p}, D(d_{S,p})\}_{p0}^{\infty_{=}}$
$H_{S,p}=kerd_{S,p}/\overline{Ran(d_{S,p-1})}$
. , $\overline{Ran(d_{S,p-1})}$ $d_{S,p-1}$ Ran$(d_{S,p-1})$




$\Delta_{S,p}$ $ker\Delta_{S,p}$ , .
33
3.4 [13] $\Gamma_{n}(kerS)$ : $\phi(f_{1})\cdots\phi(f_{n}):,$ $f_{j}\in kerS,j=1,$ $\cdots n$ ,
$(\Gamma_{0}(kerS) :=\mathbb{C})$ , $p\geq 0$
$ker\Delta_{S,p}=\oplus\Gamma_{n}(kerS)\infty\otimes A_{p}(kerS^{*}\otimes\cdots\otimes kerS^{*})$ .
$n=0$
, $ker$ \Delta s,p , $kerS$, kerS ,
[$J$ , ( [13] ) .




$\mathfrak{D}_{S}^{\infty_{p}}=\mathcal{L}\{P(\phi(f_{1}), \cdots\phi(f_{n})u_{1}\wedge\cdots\wedge u_{p}|P\in \mathbb{P}_{n},$ $f_{j}\in C^{\infty}(S^{*}S)$ ,
$u_{k}\in C^{\infty}(SS^{*}),n\geq 0,j=1,$ $\cdots n,$ $k=1,$ $\cdots p\}$
Hilbert $<D(\triangle_{S,p}^{m}),$ $||\cdot||_{m}>$ . \Omega p(E, $\mu$ )
$\{||\cdot||_{m}\}_{m=0}^{\infty}$ Hilbert .
(2) , $E$ \phi . $r\in(1, \infty),$ $m=$




, $||\cdot||_{r,m}$ , $\mathfrak{D}_{S}^{\infty_{p}}$ $W_{r,m}(\wedge^{p}(\mathcal{K}_{c}))$






[55]. $\mathcal{H}=\mathcal{K},$ $S=I$ , [62]
.





(4) , \mbox{\boldmath $\mu$} Gauss
[22,16,17].
4 Dirac-K\"ahler




$D(d_{S})=\{\Psi=\{\Psi^{(p)}\}_{p=0}^{\infty}\in\wedge(\mathcal{H}, \mathcal{K})|\Psi^{(p)}\in D(d_{S,p})$ ,
$\sum_{p=0}^{\infty}||d_{S,p}\Psi^{(p)}||_{\wedge^{p+1}(7i,\mathcal{K})}^{2}<\infty\}$ ,
35
$(d_{S}\Psi)^{(0)}=0$ , $(d_{S}\Psi)^{(p)}=d_{S,p-1}\Psi^{(p-1)}$ , $p\geq 1,$ $\Psi\in D(d_{S})$ .
$\{\mathfrak{D}_{S,p}\}_{p=0}^{\infty}$ , $\wedge(\mathcal{H}, \mathcal{K})$








(ii) $d_{S}$ $d_{s}^{*}$ :
$D(d_{S}^{*})=\{\Psi=\{\Psi^{(p)}\}_{p0}^{\infty_{=}}\in\wedge(\mathcal{H}, \mathcal{K})|\Psi^{(p+1)}\in D(d_{S,p}^{*})$,
$\sum_{p=0}^{\infty}||d_{S,p}^{*}\Psi^{(p+1)}||_{\wedge^{p}(\mathcal{K},\mathcal{H})}^{2}<\infty\}$ ,









4.2 [13] $\triangle s$ ,





$\bigwedge_{+}(\mathcal{H},\mathcal{K})=\bigoplus_{p=0}^{\infty}\wedge^{2p}(\mathcal{H},\mathcal{K})$ , $\bigwedge_{-}(\mathcal{H}, \mathcal{K})=\bigoplus_{p=0}^{\infty}\wedge^{2p+1}(\mathcal{H}, \mathcal{K})$ ,
, , $L^{2}$ “ ”, “ ”
. \wedge \pm $($H, $\mathcal{K})$ $P\pm$
$\Gamma=P_{+}-P_{-}$
, $\Gamma$ (4.1) grading 7.
7 , Hilbert $\mathcal{X}$ \gamma , $\gamma^{2}=I,$ $\gamma\neq\pm I$ ,
, grading . , \gamma $\{\pm 1\}$ ,
\pm 1 $\chi_{\pm}$ , $\mathcal{X}=\mathcal{X}_{+}\oplus \mathcal{X}_{-}$ . ,
$\mathcal{X}=\mathcal{X}_{+}\oplus \mathcal{X}_{-}(\mathcal{X}\pm\neq\{0\})$ , $p\pm$ $\mathcal{X}\pm$
, $\gamma=p_{+}-p-$ , $\gamma$ grading .
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Boson-Fermion Fock \wedge $($H, $\mathcal{K})$ $L$ , $\Gamma$
$D(L)$ , $D(L)$ $\{\Gamma, L\}=0$ $\ovalbox{\tt\small REJECT}$] , $L$ grading
F . F L , $D(L) \cap\bigwedge_{\pm}(\mathcal{H}, \mathcal{K})$
$\bigwedge_{\mp}(\mathcal{H}, \mathcal{K})$ . .
4.3 $d_{S},$ $d_{s}^{*}$ \Gamma .




. $Q_{S}$ “ ”Dirac-Kahler 8. 4.3
.
4.4 [13] $Q_{S}$ \Gamma .
, Hilbert $\mathcal{H}$ $A,$ $B$ ,
$f\in D(B)$ $t\in \mathbb{R}$ $\exp(itA)f\in D(B)$
$Be^{itA}f=e^{-itA}Bf$
, 9.
8 $d$ , $i(d-d^{*})$ K\"ahler
[52]. ‘ ” ,
( ). $Q_{S}$
Dirac $[11,13]$ .













, Hilbert $\mathcal{H}_{1}$ Hilbert $\mathcal{H}_{2}$ $A$
index $A$
index $A=\dim kerA$ –dimker $A^{*}$
. , dim ker $A$ , dim ker $A^{*}$
.
, [56]. A, B , $A$ $B$
, , , $AB+BA=0$
. , A, B ,
, ,
[66,56,60]. $A$ $B$ , ,
:(i) $(Af, Bg)_{?t}+(Bf, Ag)_{\mathcal{H}}=0,$ $f,$ $g\in D(A)\cap D(B)$ (
);(ii) $A$ $|B|$ ( ,
) ;(iii)A+B [66].
[14,18,19] .
10 , Atiyah-Singer .
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Fredholm . $A$ $\mathcal{H}_{1}$
, $\mathcal{H}_{1}$ $\mathcal{H}_{2}$ . , Ran$(A)$
, dim ker $A<\infty$ , dim ker $A^{*}<\infty$ , $A$ Fredholm
. , Ran$(A)$ , dim ker $A,$ $\dim kerA^{*}$
, $A$ Fredholm $[39,54]$ . Fredholm
. , $A$ ( ) Fredholm
, $B$ A.- $A+B$ ( ) Fredholm ,
index $(A+B)=indexA$ $[39,54]$ . , ( )
Fredholm .
.
$4.6[7,15]$ $A:\mathcal{H}_{1}arrow \mathcal{H}_{2}$ $D(A)$ $\mathcal{H}_{1}$
. , $A$ Fredholm
dim ker $A^{*}A<\infty$ , $\dim kerAA^{*}<\infty$ ,
$\inf\sigma(A^{*}A)\backslash \{0\}>0$ ,
$\ovalbox{\tt\small REJECT} j$ .
. Deift [30] , $\sigma(A^{*}A)\backslash \{0\}=\sigma(AA^{*})\backslash \{0\}$ .




$Q_{S,+}$ : $\bigwedge_{+}(\mathcal{H}, \mathcal{K})arrow\bigwedge_{-}(\mathcal{H}, \mathcal{K})$ .
, $Q_{S,+}$ Redholm
40
4.7 [13] (i) S Fredholm dimker $S=0$ , $Qs,+$
Fredhoin
index $Q_{S,+}=\delta_{0}$ ,-index $S$
$\# J$ .




. , $\{\wedge(\mathcal{H}, \mathcal{K}), \triangle_{S}, \{Q_{S}, Q_{iS}\}, \Gamma\}$
(
). , , Boson-Fernlion Fock
,






$F\in L^{q}(E, d\mu;\mathcal{K}_{c})(q>2)$ , $\wedge(\mathcal{H}, \mathcal{K})$ -b(F)
:
$D( \overline{b}(F))=\{\Psi\in\wedge(\mathcal{H},\mathcal{K})|\int_{E}||b(F(\phi))\Psi(\phi)||_{\wedge(\mathcal{K}_{c})}^{2}d\mu(\phi)<\infty\}$ ,
$(\overline{b}(F)\Psi)(\phi)=b(F(\phi))\Psi(\phi)$ , $a.e.\phi\in E$ .
41
. Fock \wedge $($H, $\mathcal{K})$ , Fock
:
$\wedge(\mathcal{H},\mathcal{K})=\int_{E}^{\oplus}\wedge(\mathcal{K}_{c})d\mu(\phi)$ .




5.1 $[13,20]$ $D(b(F))\sim$ \wedge $($H, $\mathcal{K})$ , $\mathfrak{D}_{S}\subset D(b(F))\cap\sim$
$D(b(F)^{*})\sim$ \iota j .
de Rham $d_{S}$
$d_{S}(F)=d_{S}+\overline{b}(F)^{*}$
. 5.1 , $\mathfrak{D}_{S}\subset D(d_{S}(F))\cap D(d_{S}(F)^{*})$
, $d_{S}(F)^{*}[D_{S}=d_{S}^{*}+\overline{b}(F)$ $\# J$ . $d_{S}(F)$ \Gamma
12.
$Q_{S}(F)=d_{S}(F)+d_{S}(F)^{*}$
, $Q_{S}$ . $Q_{S}(F)$ , $\mathfrak{D}_{S}\subset$
$D(Q_{S}(F))$ $\iota_{j}$ . , .
11 , , [59,
\S XIII. 16] .
12 , $d_{S}(F)^{2}=0$ . 56 .
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I. $Q_{S}(F)$ $s$ (
$Q_{S}(F)$ ).
. $Q_{S}(F)r\mathfrak{D}_{S}$ [20]. $F$
, I [20]. , $F$
I .
$b\#(\cdot)$ \Gamma 44 ,
.
5.2 [13] $Q_{S}(F)$ \Gamma .
5.2
$Q_{S}(F)=(\begin{array}{ll}0 Q_{S}(F)_{+}^{*}Q_{S}(F)_{+} 0\end{array})$





$Q$ $:=(\begin{array}{ll}0 A^{*}A 0\end{array})$
, Hilbert $\mathcal{X}=\mathcal{H}_{1}\oplus \mathcal{H}_{2}$ . , $Q^{2}$
$Hj$ , .
$\gamma=(\begin{array}{ll}I 00 -I\end{array})$
, $\mathcal{X}$ grading .
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5.3 $[7_{p}\backslash 50]$ $A,$ $Q$ . , $\beta>0$
, $\exp(-\beta Q^{2})$ X , $A$ Fredholm
,
index $A=Tr(\gamma e^{-\beta Q^{2}})$ (5.1)
. , Tr .
. $Tk(\gamma\cdot)$
. (5.1) , , ,
, , , ,
$A$ , .




$L^{2}(E, d\mu;\mathcal{K}_{c})$ $\mathcal{P}_{S^{\otimes D(S^{*})}}^{\wedge}$ $||\cdot||_{q,r}(1\leq q, r<\infty)$
$||\Phi||_{q,r}=||\Phi||_{L^{q}(E,d\mu;\mathcal{K}_{c})}+||S\nabla\otimes I\Phi||_{L^{r}(E,d\mu;\mathcal{K}_{c})\otimes \mathcal{K}_{c}}$
$+||SJ_{\mathcal{H}}\nabla\otimes J_{\mathcal{K}}\Phi||_{L^{r}(E,d\mu;\mathcal{K}_{c})\otimes \mathcal{K}_{c}}$
, $\mathcal{P}_{S^{\otimes D(S^{*})}}^{\wedge}$ $\mathcal{W}_{S}^{q,r}(\mathcal{K}_{c})$
.
5.4 $<E,$ $\mu>$ K \Phi $(i),(ii)$
$F_{S}^{q,r}$ : $(i)\Phi\in D((S\nabla)^{*})\cap \mathcal{W}_{s}^{q,r}(\mathcal{K}_{c});(ii)$ $f\in$
$D(S)\cap \mathcal{H}$ , $(\Phi, Sf)_{\mathcal{K}_{c}}$ .
$G$ $<E,$ $\mu>$ $\mathcal{K}_{c}\otimes \mathcal{K}_{c}$ , 2.2 , $a.e.\phi\in$
$E$ , Fermion Fock \wedge (Kc) $<b\#|\Lambda(G(\phi))|b\#>$
44
. , $\wedge(\mathcal{H}, \mathcal{K})$
$< \overline{b}^{\#}|\Lambda(G)|b\sim\#>=\int_{E}^{\oplus}<b^{\#}|\Lambda(G(\phi))|b^{\#}>d\mu(\phi)$
.
$\mathfrak{D}_{s}^{(2)}=\mathcal{L}\{P_{n}(\phi(f_{1}), \cdots\phi(f_{n}))u_{1}\Lambda\cdots\wedge u_{p}|P_{n}\in \mathbb{P}_{n},$ $f_{j}\in D(S^{*}S)\cap \mathcal{H}$ ,
$n,p\geq 0,j=1,2,$ $\cdots n$ , $u_{k}\in D(SS^{*}),$ $k=1,2,$ $\cdots p$}
.
5.5 $[13,20]$ $q>4,$ $r>2$ , $F\in F_{S}^{q,r}$ .
$L_{S,F}(\phi)=\Lambda(SJ_{\mathcal{H}}\nabla\otimes J_{\mathcal{K}}F(\phi))+\Lambda(SJ_{\mathcal{H}}\nabla\otimes J_{\mathcal{K}}F(\phi))^{*}$






5.6 [20] $\mathfrak{D}_{S}$ $d_{S}(F)^{2}=0$
$S\nabla\otimes IF(\phi)\in\wedge^{2}(\mathcal{K}_{c})^{\perp}$ $a.e.\phi$ (5.1)
.
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, I , .
II. $\inf\sigma(S^{*}S)>0,$ $\inf\sigma(SS^{*})>0$ , $\gamma>0$
$(S^{*}S)^{-\gamma}$ H .
\delta >0 , H $||\cdot||-\delta$ $||f||_{-\delta}=||(S^{*}S)^{-\delta/2}f||_{H}$
. $||\cdot||_{-\delta}$ , $\mathcal{H}$ $\mathcal{H}_{-\delta}$ . $\mathcal{H}_{-\delta}$
Hilbert $\mathcal{H}_{\delta}$ $:=<D((S^{*}S)^{\delta/2}),$ $||(S^{*}S)^{\delta/2}\cdot||_{\mathcal{H}}>$





$[0, \beta]$ $E$ . $E_{\beta}$ \Phi $t$ $\Phi_{t}\in E$
.
6.1 [13] $E_{\beta}$ Gauss \mbox{\boldmath $\mu$}\beta , $f,$ $g\in \mathcal{H}_{\delta}$
$\int_{E_{\beta}}<\Phi_{t},$ $f><\Phi_{s},g>d\mu_{\beta}(\Phi)$
$=(f, (1-e^{-\beta S^{*}S})^{-1}(e^{-|t-s|S^{*}S}+e^{-(\beta-|t-s|)S^{*}S})g)_{\mathcal{H}}$ , $t,$ $s\in[0,\beta]$ ,
46
. , $<$ $\cdot>$ $\mathcal{H}_{-\delta}$ $\mathcal{H}_{\delta}$
.
. (i) \mbox{\boldmath $\mu$}\beta , $\Phi_{0}=\Phi_{\beta}$ a.e. . , $a.e.\Phi\in$
$E_{\beta}$ $E$ . , $\mu_{\beta}$ , , $E$
Gauss .
(ii) II , \beta $>0$ , $\exp(-\beta S^{*}S)$
. , $\exp(-\beta d\Gamma_{b}(S^{*}S))$
,
$Z_{S,\beta}$ $;= Tke^{-\beta d\Gamma_{b}(S^{*}S)}=\frac{1}{\det(I-e^{-\beta S^{*}S})}$
13. $[7,13]$ : $0<t_{1}<t_{2}<$
. . . $<t_{n}<\beta,$ $f_{j}\in \mathcal{H}_{\delta},$ $j=1,$ $\cdots$ $n$
$\frac{Tk(e^{-t_{1}d\Gamma_{b}(S^{*}S)}\phi(f_{1})e^{-(t_{2}-t_{1})d\Gamma_{b}(S^{*}S)}\cdots\phi(f_{n})e^{-(\beta-t_{n})d\Gamma_{b}(S^{*}S)})}{Z_{S,\beta}}$
$= \int_{F_{\beta}}<\Phi_{t_{\rceil}},$ $f_{1}>\cdots<\Phi_{t_{n}},$ $f_{n}>d\mu_{\beta}(\Phi)$ . (6.1)
2.1 , $d\Gamma_{b}(S^{*}S)$ ,
, $\Sigma$ , $Z_{S,\beta}$ ,
, $1/\beta$ , $\Sigma$ . \phi (tj, $f_{j}$ ) $:=$
$\exp(-t_{j}d\Gamma_{b}(S^{*}S))\phi(f_{j})\exp(t_{j}d\Gamma_{b}(S^{*}S)),j=1$ , $\cdot$ . . , $n$ , , $\Sigma$ ,
\phi (f) , $Sj=it_{j}$ . ,
\phi (tl, $f_{i}$ ) $\cdots\phi(t_{n}, f_{n})$ ( ) .
, (6.1) , /l\beta , \Phi t(f) $:=<\Phi_{t},$ $f>$ $n$
. Euclid $[63,31]$ , $\Phi_{t}(f)$
, , $1/\beta$ , Euclid
$13T$ Hilbert , $I+T$ $\det(I+T)$
, $\det(I+T)=\prod_{n}^{N_{=1}}(I+\lambda_{n})$ $[64,65]$ . , $\{\lambda_{n}\}_{n=1}^{N}$
$(N\leq+\infty)$ $T$ ( ) .
47
. $<E_{\beta l^{\lambda}\beta}>$ , [45]
( $0(\beta=+\infty)$ [41] ).
$F\in F_{S}^{q,r}(q>4, r>2)$ , a.e. $\Phi\in E_{\beta}$ , $L^{2}([0, \beta];\mathcal{K}_{c})$
$K_{S,F}^{\pm}(\Phi)=L_{S,F}(\Phi_{t})((\partial_{t})_{\pm}+SS^{*})^{-1}$ .




, $K_{S,F}^{\pm}(\Phi)\in \mathcal{I}_{2}(L^{2}([0,\beta];\mathcal{K}_{c}))a.e$. \Phi ,
$(K_{S,F}^{\pm}( \Phi)f)(t)=\int_{0}^{\beta}K_{S,F}^{\pm}(\Phi;t,s)f(s)ds$ , $f\in L^{2}([0,\beta];\mathcal{K}_{c})$ ,
$K_{S,F}^{\pm}(\Phi;t, s)$ : $\mathcal{K}_{c}arrow \mathcal{K}_{c}$ $Sarrow K_{S,F}^{\pm}(\Phi;t, s)$
$(s\neq t)$ . $K_{S,F}^{\pm}(\Phi, t)$ $:=K_{\pm}^{F}(\Phi, t, t+0)$
$\mathcal{K}_{c}$ ,
$\overline{Tr}K_{S,F}^{\pm}(\Phi)$ $:= \int_{0}^{\beta}$ Tr $K_{S,F}^{\pm}(\Phi;t)dt$
, $E_{\beta}$ .








6.3 $[13,15]$ $F\in F_{S}^{q,r}(q>4, r>2)$ , (5.1),(6.2)
$\int_{E_{\beta}}d\mu_{\beta}(\Phi)\exp(-\int_{0}^{\beta}((S\nabla)^{*}F(\Phi_{t})+||F(\Phi_{t})||_{\mathcal{K}_{c}}^{2})dt$
$+ \frac{1}{2}||K_{S,F}^{\pm}(\Phi)||_{2}^{2}+|\overline{Tr}K_{S,F}^{\pm}(\Phi)|)<\infty$
. , $Q_{S}(F)_{+}$ Fredholm
index $Q_{S}(F)_{+}$
$= \int_{E_{\beta}}d\mu_{\beta}(\Phi)\det_{2}(I+K_{S,F}^{+}(\Phi))$




, , $\exp(-\beta\triangle_{S}(F))$ .
, 5.3 , index $Q_{S}(F)_{+}=Tr(\Gamma\exp(-\beta\triangle_{S}(F))$ .
, Boson Fock Fermon Fock 2
$[7,13]$ ( (6.1))
, (6.3) ( ,
, ).
. (5.1) $<\overline{b}^{*}|\Lambda(S\nabla\otimes IF)|\overline{b}^{*}>=0$ :
, s(F) , $l_{l} \int$ . (5.1)
49
, $Q_{S}(F)_{+}$ ,




$(E,$ $\mu,$ $\mathcal{H},$ $\mathcal{K}$ ,




. , 2 $N=1$ Wess-Zumino
$(WZ)$ ” .
$S_{r}(\mathbb{R})$ $\mathbb{R}$ Schwartz
, , , $\mathbb{R}$
$S_{r}^{l}(\mathbb{R})$ . $m>0$
$\omega(p)=\sqrt{p^{2}+m^{2}}$, $p\in \mathbb{R}$ .
( , , $m$ $P$
). Hilbert $H_{-1/2}(\mathbb{R})$
$H_{-1/2}(\mathbb{R})=\{f\in S_{r}’(\mathbb{R})|||f||_{-1/2}^{2}$ $;= \int_{\mathbb{R}}\frac{|\hat{f}(p)|^{2}}{\omega(p)}dp<\infty\}$
( $\hat{f}$ $f$ ). :
$E=S_{r}’(\mathbb{R})$ , $\mathcal{H}=H_{-1/2}(\mathbb{R})$ ,
K=L2r(R)( $L^{2}(\mathbb{R})$- ), $\mu=\mu_{m}$ .
50
, $/1_{m}$
$\int_{S_{r}’(\mathbb{R})}e^{t_{\langle l)}(f)}d\mu_{m}(\phi)=e^{-||f||_{-1/2}^{2}/2}$ , $f\in S_{r}(\mathbb{R})$
, $S_{r}’(\mathbb{R})$ Gauss , $\emptyset(f)$ $:=<\phi,$ $f>$ $S_{r}’(\mathbb{R})\cross$




$( \overline{S_{1}f})(p)=\frac{\iota\prime(p)}{2\sqrt{\omega(p)}}\hat{f}(p))\backslash$ $( \overline{S_{2}f})(p)=\frac{\iota\nearrow(-p)}{2\sqrt{\omega(p)}}\hat{f}(p)$ .
, $\iota\nearrow(p)=\sqrt{p+\omega(p)}$ . $\omega_{b},\omega_{f}$ , $H_{-1/2}(\mathbb{R}),$ $L_{r}(\mathbb{R})$
$\overline{\omega_{b}f}(p)=\omega(p)\hat{f}(p),$ $f\in D(\omega_{b})$ , $\overline{\omega_{f}u}(p)=\omega(p)\hat{u}(p),$ $u\in D(\llcorner t/f)$ ,
. ,
$S^{*}S=\omega_{b}$ , $SS^{*}=\omega_{f}$ .
. , , (
) \triangle S




, $b(x),$ $b(x)^{*}$ $[25,38]$ :
$b(f)= \int b(x)f(x)^{*}dx$ , $b(f)^{*}= \int b(x)^{*}f(x)dx$ .
51
Fock $|^{3}g\wedge(H_{-1/2}(\mathbb{R}), L_{r}^{2}(\mathbb{R}))$
$=\mathcal{L}\{P(\phi(f_{1}), \cdots\phi(f_{n}))u_{1}\wedge\cdots\wedge u_{p}|f_{j}\in S_{r}(\mathbb{R}),$ $u_{k}\in S(\mathbb{R})$ ,
$n,p\geq 0,j=1,$ $\cdots n,$ $k=1,$ $\cdots p,$ $P\in \mathbb{P}_{n}$ },
. , $D(d_{S})\supset$ ,
$d_{S}= \int dxb(x)^{*}S\frac{\delta}{\delta\phi(x)}$
. , $\delta/\delta\phi(x)$ 1 14.
$\gamma_{1}(x)=i(b(x)-b(x)^{*})$ , $\gamma_{2}(x)=b(x)+b(x)^{*}$ .
$\{\gamma_{j}(x),\gamma_{k}(y)\}=2\delta_{jk}\delta(x-y)$
, $\{\gamma j(x)\}$ ClifFord ( )
. $d_{S}$ , Dirac-K\"ahler
$Q_{S}$ ,
$Q_{S}=i \sum_{j=1}^{2}\int dx\gamma_{j}(x)S_{j}\frac{\delta}{\delta\phi(x)}+\int dx\phi(x)S^{*}b(x)$
. , $Q_{S}$ , Dirac
Kahler . S
14 ,
$\frac{\delta P(\phi(f_{1}),\cdots,\phi(f_{n}))}{\delta\phi(x)}=\sum_{j=1}^{n}(\partial_{j}P)(\phi(f_{1}), \cdots\phi(f_{n}))f_{j}(x)$ .
52
2 [15].
$\{\wedge(H_{-1/2}(\mathbb{R}), L_{r}^{2}(\mathbb{R})), \triangle_{S}, Q_{S}, \Gamma\}$ , , $N=1$
WZ .
, $N=1$ WZ , 5





A.1 $N\geq 1$ . Hilbert $\mathcal{X}$









(S.3) $N_{F}$ $Q_{j}$ $D(Q_{j})$ , $D(Q_{j})$ ,
$\{N_{F}, Q_{j}\}=0$ , $j=1,$ $\cdots N$ ,
$\iota_{J}$ . , $\{A, B\}=AB+BA$ .
(S.4) $j,$ $k=1,$ $\cdots$ $N,j\neq k$ , $Q_{j}$ $Q_{k}$ $D(Q_{j})\cap$
$D(Q_{k})$ :
$(Q_{j}\psi, Q_{k}\phi)_{\mathcal{X}}+(Q_{k}\psi, Q_{j}\phi)_{\mathcal{X}}=0$,
$\psi,\phi\in D(Q_{j})\cap D(Q_{k}),j,k=1,$ $\cdots j\neq k$ .
54




. , (S.2) (
, [67-72,33,12] ).
$\{\mathcal{X}, H, \{Q_{j}\}_{j}^{N_{=1}}, N_{F}\}$ .
, (S.1) , $\mathcal{X}$ \mbox{\boldmath $\psi$} 2
$\psi=(\begin{array}{l}\psi_{+}\psi_{-}\end{array})$ , $’\psi\pm\in \mathcal{X}\pm$ ,
. , $\mathcal{X}$ ,
2 2 . ,
$N_{F}=(\begin{array}{ll}I 00 -I\end{array})$ . (A.2)
$Q_{j}$ (S.3) , $j=1,$ $\cdots$ $N$
$Q_{j}=(\begin{array}{ll}0 Q_{j,+}^{*}Q_{j,+} 0\end{array})$ (A.3)
$Q_{j,+}$ : $\mathcal{X}_{+}arrow \mathcal{X}_{-}$ . $Q_{J,+}$
$Q_{j}$ $\mathcal{X}_{+}$ . (A.3) (S.2)
$H=(\begin{array}{ll}H+ 00 H_{-}\end{array})$
$H_{+}=Q_{j,+}^{*}Q_{j,+}$ , $H_{-}=Q_{j,+}Q_{j,+}^{*}$ , (A.4)
55
( $Q_{j,+}^{*}$ $Q_{J,+}$ ). , $H$ $\mathcal{X}\pm$
15. $H+,$ $H_{-}$ , $H$ ,
.
, ,
, $H$ $0$ .
$H$ , , $kerH=\{0\}$ ,
16.
$I_{W}=\dim kerH+$ –din $kerH_{-}$
Witten $[$70-72$]^{}$ . , ,
. , $I_{W}=0$ .
, $I_{W}=0$ ( ,
).
Witten $I_{tV}$ (A.4) . ,
$kerQ_{j,+}^{*}Q_{j,+}=kerQ_{J+}$
,
$I_{W}=\dim kerQ_{j,+}$ –dimker $Q_{j,+}^{*}$
15 , [2]. $H\pm$ $j$
. , , Hilbert
$\mathcal{X}\pm$ $Q_{J,+}$ : $\mathcal{X}_{+}arrow \mathcal{X}_{-},$ $j=1,$ $\cdots$ $N$,
. , , $\mathcal{X}$ (A.1) , $N_{F},$ $Q_{j}$
, (A.2), (A.3) , $(S.2),(S.4)$ $Q_{j,+}$
.
16




17 , , dim ker $H_{+}$ , dim ker $H_{-}$
.
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. , , $Q_{j,+}$ index $Q_{J,+}$ :
$I_{W}=indexQ_{j,+}$ .
, . 4.6 $A=$
$Q_{j,+}$ , .
A.2 $[7,15]$ $Q_{j,+}$ Fredholm
$\dim kerH<\infty$ , $\inf\sigma(H)\backslash \{0\}>0$
$\ovalbox{\tt\small REJECT} J$ .
5.3 , .
A.3 $[7,50]$ . $\beta>0$ , $\exp(-\beta H)$ X
, $Q_{j,+}$ Fredholm ,




[66,56,60,14,18,19] . , (S.2), (S.4)
$Q_{j},$ $j=1,$ $\cdots$ $N$,




[2], $KdV$ $[35,36]$ .
57
, $t$ ‘ ” Krein
$[26,34]$ . ,
Dirac , , ,
[1,37, 27,28].
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